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Abstract—Joint target tracking and classification (JTC) is a
joint decision and estimation (JDE) problem, in which decision
and estimation affect each other and good solutions require
solving both problems jointly. With the development of modern
sensor technology, mixed data from heterogeneous sensors with
different characteristics are available. In this paper, we solve a
JTC problem using multisensor data in the JDE framework.
A dynamic JTC problem based on kinematic and attribute
measurements is formulated as a JDE problem, and the dynamic
models and measurement models for both types of data are
presented. We extend the original recursive JDE (RJDE) method
to the multisensor scenario, and propose a multisensor data based
RJDE method using the multiple model approach. To jointly
evaluate the performance of multisensor data based JTC with
unknown ground truth, we propose a joint performance metric
(JPM) based on the idea of mock data. This metric unifies the
distances in the continuous data space and the discrete data space.
Simulation results demonstrate the effectiveness of the proposed
approach and JPM. They show that the multisensor data based
RJDE can outperform the traditional two-step strategies. Fur-
thermore, the proposed approach can beat E&D (optimal decision
and optimal estimation, respectively) in joint performance.

Keywords—Joint Target Tracking and Classification, Multi-
Sensor Data, Joint Decision and Estimation, Joint Performance
Metric, Mock Data.

I. INTRODUCTION

Target tracking and target classification are critical prob-

lems in land-based airborne surveillance systems, and they

have been studied extensively with abundant results [1], [2].

Maneuvering target tracking, tracking in clutter, and dynamic

state estimation are all tracking problems. Target classification

is also a critical problem, which aims to identify the target

allegiance (friend, foe, and neutral), class label (bomber,

fighter, commercial jet, ship, etc.), platform type (F-19, Mig-

29, P-3C, etc.) and so on [3]. In reality, however, there
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exists another significant problem known as joint tracking and

classification (JTC), in which we want to know not only the

target state (e.g., position, velocity, and acceleration) but also

the target type, and thus both tracking and classification are

needed. Besides, tracking and classification are usually inter-

dependent. For example, tracking may affect classification by

providing flight envelope information for different classes,

while classification affects tracking via selecting appropriate

class-dependent kinematic models. In essence, this is a joint

decision and estimation problem (JDE) problem [4].

Although tracking and classification are fundamentally re-

lated, they are usually treated separately, and different data and

techniques are used to solve them. For example, many tracking

algorithms are based on kinematic (e.g., radar and sonar)

measurements, and target classification is usually handled

using identity or attribute data from high resolution radar, and

acoustic, passive infrared, and seismic sensing modalities [3],

[5], [6]. With the development of modern sensor technology,

various data are available, and integrated use of these data is

promising to improve tracking and classification performance

[7].

The prevailing strategies for solving JDE problems can be

classified into the following categories [8]. (1) Decision and

estimation are handled individually. In this category, decision

and estimation are considered as two separate problems with-

out considering their inter-dependence [9], [10]. (2) Decision

then estimation. In this category, the best decision is made

first disregarding estimation and then the estimation problem

is solved as if the decision were surely correct. A serious

disadvantage of this strategy is that it does not account for

possible decision error in the subsequent estimation. Besides,

decision is done disregarding the quality of the estimation

it would lead to [11], [12]. (3) Estimation then decision. It

would not work well if estimation is significantly dependent

on decision or estimation is not of secondary importance

[3], [6], [13]. These separate or two-step strategies all have

their respective drawbacks in solving JDE problems based

on multisensor data. An effective remedy is hard to come by



within these strategies [14]–[16].

In the general case, tracking and classification by a joint

approach would be more promising than the existing methods.

One reason is that a joint procedure can utilize all kinds

of available data, and another is that a joint approach could

take advantage of the coupling between decision and estima-

tion. Reference [4] proposed an integrated approach to JDE

based on a new Bayes risk, which is a generalization of

the traditional Bayes decision risk and estimation risk. This

method is inherently superior in performance to the conven-

tional two-stage strategy or separate decision and estimation,

especially for problems where decision and estimation are

highly correlated. The power of the proposed JDE framework

has been illustrated by applications to several JDE problems

[8], [17], [18]. Reference [17] applied this method to a static

JTC problem for parameter estimation, which verified the

advantages of the JDE method. Reference [8] applied the

JDE method to dynamic systems and proposed a recursive

JDE (RJDE) approach, which is an approximation of the JDE

method. In [18], we applied this RJDE method to tracking and

classification of extended objects different in maneuverability,

and proposed a random-matrix-based multiple model RJDE

approach for extended objects. The coupling between the

target state, extension and class was adequately utilized in our

methods, and the superiority of RJDE was demonstrated. For

extended objects different in size and shape, we also proposed

new class-based models and a JTC method in [19], which can

jointly track and classify extended objects. Note that in [8],

[18], [19], only radar data is used, and there are no other types

of measurements.

In this paper, we extend the RJDE approach in [8] to a

dynamic JTC problem for mixed data from heterogeneous

sensors, which is more practical in reality. We first formu-

late JTC using radar data and electronic systems measure

(ESM) data as a JDE problem. These two representative

measurements are continuous and discrete, respectively. To

solve this problem, we extend the RJDE approach of [8] to

the multisensor scenario by several modifications mainly in the

calculation of class probability and expected estimation error

[4]. A multisensor data based multiple model (MM) RJDE

method is also presented in this paper using the MM RJDE

approach proposed in [18], which is an extension of RJDE in

[8].

To evaluate the estimation and decision performance jointly

with unknown ground truth, we propose a joint performance

metric (JPM) based on the idea of mock data [17]. The basic

idea is to use the distance between the original data and the

mock data generated from the algorithm to measure the dis-

tance between the true state and its estimate. Due to different

characteristics of the data from heterogeneous sensors, this

JPM is in the mixed data space. The proposed metric can

evaluate estimation and decision performance jointly through

measuring the difference between the two mixed data sets: the

true and the mock data set. This paper introduces two JPMs

suitable for cases with known and unknown ground truth,

respectively. Through two cases of a JTC example based on

multisensor data, the effectiveness of the proposed approach

and JPM is demonstrated. Simulation results show that RJDE

can make full use of the information contained in the data from

heterogeneous sensors, and it outperforms the existing two-

step strategies in JPM. Furthermore, it also shows that RJDE

can take advantage of the inter-dependence between track-

ing and classification, and thus beat E&D (optimal MMSE

estimation and optimal MAP decision, respectively) in joint

performance.

This paper is organized as follows. Section II formulates

JTC using radar data and ESM data as a JDE problem. The

evolution models and measurement models for both types of

data are presented. Section III overviews the existing methods

handling the JTC problem based on data from heterogeneous

sensors, and proposes an MM RJDE approach using multi-

sensor data. In Section IV, a new metric for joint performance

evaluation in the mixed data space is proposed. Section V

presents simulation results of the proposed method, compared

with the traditional methods. Section VI concludes the paper.

II. PROBLEM FORMULATION

Suppose that there is one target with two possible classes in

the fields of interest, and classes differ from each other in two

aspects: dynamic behavior and feature attributes. Our goal is

to estimate the target state and decide on the class label jointly,

using mixed data from heterogeneous sensors.

A. General description

In this JTC problem, the dynamic behavior and feature

attributes characterize the targets from different aspects. For

the dynamic behavior, different classes may differ in maneu-

verability, which is reflected in the kinematic state (change in

position, velocity, acceleration etc.). In JTC within a Bayesian

framework, the maneuverability difference can be incorporated

into the target’s dynamic model.

For feature attributes, we consider a typical attribute mea-

surement, i.e., electronic support measure (ESM). Different

classes have different emitters on board, leading to different

ESM characteristics, which contain emitter identity informa-

tion. Based on these feature attributes, we can classify the

target.

This is a JDE problem for two reasons. First, we have

two goals: decision (decide on the class label) and estimation

(estimate the target state). Second, estimation and decision

are inter-dependent and they affect each other. Knowledge

of the target identity can help build a more accurate target

kinematic model so as to improve tracking performance. At

the same time, knowledge of the target motion behavior can

help classify its label.

B. Basic assumption

Denote xk as the state at time k and ci as the class label,

where ci belongs to one of s known classes {1, · · · , s}.

The goal of the JTC is to estimate xk and ci jointly using

multisensor data. Take the class candidate set {1, · · · , s} as the

hypothesis set, i.e., Hi = ci. In this JDE problem, “decision”



is to decide on the class label, and thus Di = “ci”. So decision

Di means Hi is chosen, that is, Di = “Hi”.

The target state-class pdmf (probability density-mass func-

tion) p(xk, Hi|Z
k) is a joint description of the uncertainty

about the true state and class, where Zk = {Zk
c , Zk

x} with

Zk
c = {zc

1, z
c
2, · · · , zc

k} and Zk
x = {zx

1 , zx
2 , · · · , zx

k} being

the measurement sequences from an attribute sensor and a

kinematic sensor, respectively.

The joint measurement of a kinematic sensor and an at-

tribute sensor has the pdf

p(zx
k , zc

k|xk, fk, Hi, Z
k−1) (1)

where fk is the target feature at k. For simplicity, we assume

the two measurement processes are conditionally independent:

p(zx
k , zc

k|xk, fk, Hi, Z
k−1) =

p(zx
k |xk, fk, Hi, Z

k−1)p(zc
k|xk, fk, Hi, Z

k−1)

Specifically, for the kinematic measurements, assume that con-

ditioned on the target state xk , zx
k is statistically independent of

all other variables: p(zx
k |xk, mi

k, fk, Hi, z1:k−1) = p(zx
k |xk).

For the attributes, assume that conditioned on the target

feature fk, zc
k is statistically independent of all other variables:

p(zc
k|xk, mi

k, fk, Hi, z1:k−1) = p(zc
k|fk).

C. Dynamic model and radar measurement

1) Dynamic model: Suppose the target class ci is static,

and each class ci has a set of ri possible models. With the

linear motion assumption, the evolution of the jth model for

class i is

xk = F ij
k−1xk−1 + Gij

k−1u
ij
k−1 + Γij

k−1w
ij
k−1 (2)

where j = 1, · · · , ri, uk is the deterministic input, wk is

zero-mean white Gaussian noise with known covariance Qk,

Fk is the state transition matrix, and Gk and Γk are the

corresponding gain matrices.

2) Measurement model: With the linear measurement as-

sumption, the kinematic measurement is

zx
k = Ckxk + vk (3)

where Ck is the measurement matrix, vk is zero-mean white

Gaussian noise with known covariance Rk.

D. Attribute model and ESM measurement

An ESM sensor is a passive directional receiver which

scans the frequency range of interest to intercept emitted

electromagnetic signals from targets and identifies the likely

source emitters. The signal processing that is carried out

in ESM sensors is complicated and there are many sources

of error in the emitter identification process [20]. In this

paper, we consider the following primary sources of error:

(a) emitters may be on or off (usage), (b) detected emitters

may be confused with other emitters. We assume that once

the emitter is “on”, it can be detected with probability 1, that

is, the detection probability is 1.

1) Attribute model: The possible emitter types under con-

sideration belong to the set ΩE = {E1, E2, · · · , EN}, where

N is the total number of emitter types. For simplicity, we

consider the case with two emitters (N = 2) and each class has

one and only one type of emitter on board. Class 1 has emitter

E1 and class 2 has emitter E2, and therefore ΩE = {E1, E2}.

The emitter switching behavior is described by defining an

emitter usage Markov chain, and emitter Ei evolves indepen-

dently of emitter Ej (i 6= j). Let Ei
k denote the event that

emitter i is “on” at time k, and Ēi
k for “off”. The transition

probability matrix for emitter Ei is

Φi =

[

P (Ei
k+1|E

i
k) P (Ēi

k+1|E
i
k)

P (Ei
k+1|Ē

i
k) P (Ēi

k+1|Ē
i
k)

]

Based on the above, a possible emitter feature at time

k, denoted by fk, belongs to the feature set ̥ =
{Ē1Ē2, E1Ē2, Ē1E2, E1E2}. Thus the feature probability

vector consisting of the probability of all possible features

fk is

µ
k

= [p
(1)
k p

(2)
k p

(3)
k p

(4)
k ]T (4)

where p
(i)
k (i = 1, 2, 3, 4) is the probability that fk in ̥ is

true. The attribute model for a target in class i is

µ
k+1

= Ψiµ
k

(5)

where Ψi is the overall feature transition probability matrix

with dimension 2N×2N . In this problem, take Ψ1 for example.

If the true class is c1, there will be only emitter E1, E1 could

be either “on” or “off”; and E2 will always be “off”. Then

Ψ1 =

[

Φ1 02×2

02×2 02×2

]

. Similarly, we can get Ψ2.

2) ESM measurement: To account for the measurement

error, we define an m × m measurement confusion matrix

Π, m = 2N − 1, and Π has the (i, j)th element

πij = P{declare Ej |Ei is true}, i, j = 0, 1, · · · , m (6)

In this example, the ESM measurement zc
k comes from the

measurement space {Ē1Ē2, E1Ē2, Ē1E2}, which contains all

possible emitter type combinations. Then zc
k is a function of

the feature fk and the confusion matrix Π. More details can

be found in [20].

III. JTC WITH MULTISENSOR DATA

A. Existing JTC methods with multisensor data

1) Decision then Estimation (DTE): In this method, de-

cision is made first based on the posterior class probability

p{Hi|Z
k} using both radar and ESM data.

p{H1|Z
k}

p{H0|Zk}

D1

≷
D0

c10 − c00

c01 − c11

where cij is the cost of deciding on Di while Hj is true.

Note that this is Bayes optimal under the maximum a posterior

(MAP) criterior with c01 = c10 = 1, c11 = c00 = 0. Then

estimation is obtained based on the decided class using radar

data only.



2) Estimation then Decision (ETD): In ETD, the state is

estimated by the autonomous multiple model (AMM) algo-

rithm using radar data: x̂k =
∑2

j=1 x̂
(j)
k P{Hj|Z

k
x}, where

P{Hj|Z
k
x} is the class probability based on radar data and

x̂
(j)
k is the estimate under Hj . Then decision is made based on

the ratio of posterior probability conditioned on the one-step

predicted state x̂k|k−1 and Hj using both radar and ESM data.

From the perspective of information utilization, estimation is

based on radar data only while decision is based on both radar

and ESM data. Note that ESM is invaluable for classification

and can be used for decision directly. Although ESM can help

estimation (help build a more accurate kinematic model), it is

difficult to be used for estimation directly (i.e., without going

through decision).

3) Decision and Estimation (E&D): In some methods,

decision and estimation are handled separately. They may be

optimal Bayes decision and optimal estimation, respectively.

From the perspective of information utilization, either decision

or estimation relies entirely on all information (both radar and

ESM). In paper [21], this is called simultaneously tracking and

classification (STC) method.

B. Joint decision and estimation with multisensor data

As is formulated in Section II, JTC based on multisensor

data is a JDE problem, and good solutions require solving the

embedded two subproblems jointly using all data. For solving

JDE problems, [4] proposed a novel JDE method based on the

new generalized Bayes risk

R̄ =
∑

i

∑

j

(αijcij +βijE[C(x, x̂)|Di, Hj ])P{Di, Hj} (7)

where Di stands for the ith decision, which is equivalent to

the event {z ∈ Di} (Di is the decision region for Di in

the data space.); cij is the cost of deciding on Di while the

true hypothesis is Hj ; P{Di, Hj} is the joint probability of

decision and hypothesis; C(x, x̂) is the cost of estimating x
by x̂; E[C(x, x̂)|Di, Hj ] is the expected cost conditioned on

the fact that Di is decided but Hj is true; αij and βij are the

weight coefficients of decision and estimation costs, which

provide additional flexibilities.

A JDE algorithm with guaranteed global convergence is pre-

sented in [4]. This generalized Bayes risk explicitly expresses

the inter-dependence between decision and estimation, and it

is theoretically superior to the separate decision and estimation

as well as the two-stage methods. This form lays a foundation

for many dynamic JDE problems. Reference [8] applied the

JDE approach to dynamic systems and proposed RJDE. Note

that in [8], a scalar target state with a single model is presented

and only radar data is available. In this paper, we extend RJDE

to a more general case, where both kinematic data and attribute

data are used, and a multiple model approach is presented.

To illustrate RJDE based on multisensor data, preliminary

knowledge about Bayesian target tracking and classification is

needed and is presented next.

1) Bayesian target tracking and classification:

a) Bayesian tracking: The optimal Bayes estimator with

the cost function C(x, x̂) = x̃′x̃ is the conditional mean x̂ =
E[x|z]. By the total expectation theorem, the class-conditioned

Bayesian multiple-model filter is

x̂k = E[xk|Z
k] =

∑s

i=1
x̂i

kP{Hi|Z
k} (8)

where P{Hi|Z
k} is the posterior probability of hypothesis Hi

and x̂i
k is the Bayesian estimation under Hi.

For the multiple model filter, the state estimator under

Hi is x̂i
k =

∑r

j=1 x̂ij
k P{mij

k |Hi, Z
k}, where mij

k denotes

the event that the jth model under Hi is in effect. Here

x̂ij
k is the estimate conditioned on model j under Hi, and

P{mij
k |Hi, Z

k} is the posterior probability of mij
k .

b) Bayesian classification: The optimal Bayes decision

minimizes the Bayes risk [22]

R̄D =
∑

i,j
cijP{“Hi”|Hj}P{Hj}

The Bayesian decision decides on the hypothesis Hi with the

smallest posterior cost, that is, Ci(z) ≤ Cl(z), ∀l, where

Ci(z) =
∑

j cijP{Hj |Z
k} and Zk = {Zk

x , Zk
c }. So the key

is to find the posterior probability of each class P{Hj|Z
k}.

In this JTC example, since both radar and ESM measure-

ments contain the target identity information, they should both

be used to calculate P{Hj |Z
k}. Based on the assumption that

they are conditionally independent (Section II.B), the class

probability based on multisensor data is [21]

P (Hi|Z
k) = P (Hi|Z

k
x , Zk

c ) (9)

=
1

c
p(zx

k , zc
k|Hi, Z

k−1
x , Zk−1

c )P (Hi|Z
k−1
x , Zk−1

c )

=
1

c
p(zx

k |Hi, Z
k−1
x )p(zc

k|Hi, Z
k−1
c )P (Hi|Z

k−1
x , Zk−1

c )

where c is the normalization factor and is omitted here.

p(zx
k |Hi, Z

k−1
x ) and p(zc

k|Hi, Z
k−1
c ) are likelihoods of Hi

based on the kinematic and the ESM measurements, respec-

tively. See [21] for more details.

2) Joint target tracking and classification based on RJDE:

Due to the introduction of the ESM data, the original RJDE

method in [8] needs to be modified. We first consider the case

of a single model for simplicity. With multisensor data, RJDE

algorithm is given below.

1. Initialize the algorithm by the initial parameters: x̂j
k,

P{Hj|Z
k}, εk

ij and uj
k
. Here x̂j

k is the MMSE estimate

under Hj and P{Hj |Z
k} is the posterior probability of Hj

conditioned on both Zk
c and Zk

x . εk
ij is the expected estimation

cost corresponding to the case where hypothesis Hj is true

but the decision is Di. uj
k

is the feature probability vector

corresponding to hypothesis Hj , which is given by (4).

2. E-step. With zx
k+1 and zc

k+1 available, update x̂k+1 and

P{Hj|Z
k+1} according to (8) and (9). The elements of uj

k+1

are also updated as in [20]. Then calculate the intermediate

cost Ck
i (zk+1|Z

k) =
∑

j c̄k
ijP{Hj|Z

k+1} to get the decision

partition Dk+1 = {Dk+1
1 , · · · ,Dk+1

M } under Zk, where c̄k
ij =

αijcij + βijε
k
ij . See Section III of [8] for details.



3. D-step. Based on the decision partition Dk+1 under Zk

in step 2, compute the conditional estimation cost εk+1
ij =

mse(x̂k+1|Z
k, Dk+1

i , Hj). The details will be discussed next.

4. Iteration. Go to step 2 and plugging εk+1
ij into

Ck
i (zk+1|Z

k) to get Ck+1
i (zk+1|Z

k) =
∑

j(αijcij +

βijε
k+1
ij )P{Hj |Z

k+1}, and then recalculate the decision par-

tition Dk+1 under Zk. Based on this new decision partition, go

to step 3 until the termination conditions (e.g., between the two

iterations the decision does not change and the change of εk+1
ij

is smaller than a prespecified threshold) are satisfied. Output

the results D̂k+1 = {Di: zx
k+1 ∈ Dk+1

i } and x̂k = x̌
(i)
k+1 at

time k + 1.
5. The posterior cost Ck

i (Zk+1) at time k + 1 is approxi-

mated by Ck
i (zk+1|Z

k+1). Then let k = k + 1 and go to step

1.

Note that in step 3, unlike RJDE in [8], the expected

estimation error εk+1
ij is calculated based on both the kinematic

data Zx and attribute data Zc. More specifically,

εk+1
ij =mse(x̂k+1|Z

k, Dk
i , Hj)

=tr(P
(j)
k+1) + ε̃k+1

ij

where P
(j)
k+1 is the MSE under Hj and ε̃k+1

ij = E[(x̂
(j)
k+1 −

x̌
(i)
k+1)

2|Zk, Di, Hj ]. ε̃k+1
ij is difficult to calculate and is usu-

ally approximated by the Monte Carlo (MC) method in RJDE.

With the multisensor data,

ε̃k+1
ij ≈ ˜̃εk+1 , E[(x̂

(j)
k+1 − x̌

(i)
k+1)

2|x̂
(j)
k , uj

fk
, Di, Hj ]

=

∫

zk+1∈Dk+1
i

(x̂
(j)
k+1 − x̌

(i)
k+1)

2dF (zx
k+1, z

c
k+1|x̂

(j)
k , uj

fk
, Hj)

≈
1

L
(i)
x

∑L(i)
x

m=1
[x̌

(i)
k+1(z

(ij)
k+1,m) − x̂

(j)
k+1(z

(ij)
k+1,m)]2

Here z
(ij)
k+1,m (m = 1, 2, · · · , L

(i)
x ) are simulated measurements

from the distribution f(zk+1|x̂
(j)
k , uj

fk
, Hj) that lie inside the

decision region Dk+1
i . Note that two kinds of MC data must

be generated: kinematic data zx
k+1,m (m = 1, 2, · · · , Lx) and

attribute data zc
k+1,n (n = 1, 2, · · · , Lc). Based on x̂

(j)
k and

Hj , the simulated z
x,(j)
k+1,m can be obtained by models (2)-(3).

Similarly, based on uj
k

and Hj , z
c,(j)
k+1,n can be obtained by the

attribute model (5) and the ESM measurement model (6).

Both the MC data zx
k+1,m and zc

k+1,n are used to calculate

the class posterior probability (see (9)), and then the decision

partition Dk+1 under Zk+1 can be obtained. Based on this

partition, x̂
(j)
k+1(z

(ij)
k+1,m) and x̌

(i)
k+1(z

(ij)
k+1,m) can be calculated

(see [4]).

Remarks: (a) Compared with RJDE in [8], there are two

main differences. One is the posterior probability P{Hj|Z
k}

in step 2 and the other is the expected estimation cost εk
ij

in step 3. Here, P{Hj|Z
k} is calculated based on both the

kinematic data Zk
x and the ESM data Zk

c as given in (9). To

calculate εk
ij , both kinds of MC data are needed.

(b) To save space, only the single model approach is

presented, but the same approach works for the multiple model

case without difficulty. See our method in [18].

IV. JOINT PERFORMANCE EVALUATION

For performance evaluation, decision performance and esti-

mation performance are often evaluated by the correct decision

rate and estimation mean square error (mse) respectively [23],

[24]. For a JDE problem, we care about the overall joint

performance and a joint metric is needed. In this paper, we

consider two cases: the ground truth of the target class and

state is known and unknown, respectively. For the case with

known ground truth, the one-step-predicted estimation error in

[18] can be used. In the following, we consider the case with

unknown ground truth.

A. Basic idea

For unknown ground truth, our basic idea is to measure the

distance between the original data z and the mock data ẑ gen-

erated by the algorithm [17], [24]. Note that z = {zx, zc} and

ẑ = {ẑx, ẑc} are both mixed data sets containing continuous

data and discrete data. In this paper, we hope to find a unified

metric which can integrate the distance of continuous data (zx

and ẑx) and the distance of discrete data (zc and ẑc) together.

One significant difference between the discrete and the

continuous data evaluation lies in the inherent characteristics

of the target class and the target state. On different simulation

runs, the true class is the same and remains constant over

time, while the true state is randomly generated from a prior

distribution at the initial time and then evolves over time. Thus

for discrete data, z
c,(i)
k and ẑ

c,(j)
k (i 6= j) (the ith run of original

data and the jth run of mock data, respectively) comes from

the same true class ci. Assume that given ci, the generation

mechanism of the mock ESM data is the same as that for

the real one, we measure the distance between the two sets:

z
c
k = {z

c,(i)
k }Ni

i=1 and ẑ
c
k = {ẑ

c,(i)
k }Ni

i=1. For the radar data,

z
x,(i)
k and ẑ

x,(j)
k (i 6= j) comes from different true state xk,

and thus put them together is meaningless. As a result, we

measure the distance between z
x,(i)
k and ẑ

x,(i)
k on the same

run.

In the following, we propose a metric that can unify these

two distances with different characteristics.

B. Discrete data

1) Wasserstein metric: To measure the distance between

the original data set z
c
k and the mock data set ẑ

c
k, we propose

to use the Wasserstein distance [24]. The Wasserstein metric

between two probability measures µ and ν over any separable

metric (Ω, d) simplifies to

l1(µ, ν) = sup
|h|≤1

∣

∣

∣

∣

∫

hdµ −

∫

hdν

∣

∣

∣

∣

where h satisfies the Lipschitz condition |h(x) − h(y)| ≤
d(x, y).

For the vector case where X and Y are both sets of vector-

valued data points and have the same size n, assume that each

point in X = {xi}
n
i=1 may be matched by one and only one

point in Y . Let I be a permutation of data points in Y to yield



Y = {y(i)}
n
i=1 and I the set of all possible such I’s. Then

[24]

d(X, Y ) = min
I∈I

∑n

i=1
d(xi, y(i))

In this JTC problem, denoting d(xi, y(i)) as d(zc,i
k , ẑ

c,(i)
k ), the

distance between z
c
k and ẑ

c
k is

dk
c (zc

k, ẑc
k) = min

I∈I

∑n

i=1
d(zc,i

k , ẑ
c,(i)
k ) (10)

We recommend Hamming distance for d(zc,i
k , ẑ

c,(i)
k ) in this

paper. Denote emitter “on” as “1” and “off” as “0”. Then ESM

measurements over time form a binary string. In information

theory, the Hamming distance between two strings zc,i
k and

ẑ
c,(i)
k with an equal length is the number of positions at which

the corresponding symbols are different. In other words, it

measures the minimum number of substitutions required to

change one string into the other.

For illustration, denote by h(a, b) the Hamming distance

between strings a and b. Then h([1 0], [1 0]) = 0, h([1 0],

[0 0]) = 1, and h([1 0], [0 1]) = 2. To get a unified metric,

normalization is needed. Suppose both zc,i
k and ẑ

c,(i)
k have the

length n. Then the normalized Hamming distance between zc,i
k

and ẑ
c,(i)
k is dH = 1

n
h(zc,i

k , ẑ
c,(i)
k ).

Remark: In this example, since ESM measurements are

binary strings, the Hamming distance is suitable for measuring

the distance between them. Besides, the Hamming distance

is unit free, which provides convenience for integrating the

distance in different data space into a unified metric. Note

that the distance (10) provides a general decision performance

metric, where different d(·) can be chosen for different cases.

In this paper, we use the Hamming distance for d(·) as a

special case.

C. Continuous data

Assume that the measurement model used for mock data

generation is the same as that for simulation, given in (3). We

propose the following mean predicted-measurement distance

dk
x(zx

k , ẑx
k ) =

1

I

∑I

i
γi

k (11)

γi
k =

1

J

∑J

j
(zx,i

k − ẑx,i
k,j)

T R−1(zx,i
k − ẑx,i

k,j)

where zx,i
k is the real kinematic measurement at time k on

the ith run out of I runs. ẑx,i
k,j is the jth one-step prediction

of the measurement on the ith run out of J runs. Note that

dk
x(zx

k , ẑx
k ) is unit free.

D. Joint performance measure

Based on the above measures for discrete and continuous

data, respectively, we propose the following joint performance

measure

dk = dk
c (zc

k, ẑc
k) + λ · dk

x(zx
k , ẑx

k )

where dk
c (·) and dk

x(·) are given in (10) and (11). λ is a weight

factor.

Remarks: dk
c (·) and dk

x(·) reflect the difference in discrete

data space and continuous data space, respectively. Note that

in this JTC example, ESM data contains only class information

and radar data contains both the class and the state informa-

tion. Similarly, dk
c (·) contains the class information only, and

dk
x(·) contains both the class and the state information.

dk
c (·) and dk

x(·) are both unit free, and λ determines the

relative weight between them. A small λ emphasizes the

distance of discrete data whereas a large λ emphasizes the

distance of continuous data. For a JDE problem, the relative

weight of classification and tracking can be captured by

an appropriate choice of λ. In general, a moderate λ that

maintains the balance between dk
c (·) and dk

x(·) is preferable.

In this paper, we choose λ = 1.

V. SIMULATION

There is one target with two possible classes c1 and c2. The

target state model is given by
[

xk+1

ẋk+1

]

=

[

1 T
0 1

] [

xk

ẋk

]

+

[

1
2T 2

T

]

uk+

[

1
2T 2

T

]

wk

where the standard deviation of the process noise wk is 0.5,

and sampling time T = 1. A target in a class i (i ∈ {1, 2})

has its own model set M i of possible control input uk, given

by

M1 = {0, +g,−g}, M2 = {0, +3g,−3g, +5g,−5g}

The initial state is [x0, ẋ0] = [8000m, 200m/s]. Each class

has an equal initial probability and the models in M i are

also uniformly distributed initially. The radar data follows the

measurement model (3) with vk ∼ N(0, 502m2). All results

were obtained from 5000 MC runs with c1 being the true target

class.

For the attribute feature and measurement, class 1 target has

emitter E1 and class 2 has emitter E2. The usage process for

each emitter is

Φ1 =

[

0.7 0.3
0.4 0.6

]

, Φ2 =

[

0.8 0.2
0.1 0.9

]

The probability of “emitter on” at the initial time is assumed

to be 0.5.

The ESM measurement process is assumed to be indepen-

dent and given by

P{declare Ej |true Ei} =

{

0.8 i = j
0.2 i 6= j

i, j = 1, 2.

The parameters in RJDE are set as cij = 1, cii = 0, αij =
1, B = 2 × 10−4, βii/βij = 0.75.

In this section, two cases of an illustrative JTC example

are presented. The compared methods DTE, ETD and E&D

were given in Section III. In example 1, the MM approach

based RJDE is compared with DTE and ETD. In example 2,

the single model based RJDE is compared with E&D. JPM1

is the joint performance metric proposed in [18] and JPM2

is the metric proposed in Section IV of this paper. We use

AEE (Average Euclidean Error) for estimation performance

evaluation, which is better than RMSE (Root-Mean-Square

Error) as analyzed convincingly in [25].
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Fig. 1. MM RJDE compared with DTE and ETD

Example 1 Fig. 1 shows that for AEE of position and

velocity estimation, ETD performs worst, RJDE best and DTE

is in the middle. ETD performs worst since less information

is used for estimation (only radar data), while DTE uses

all information for estimation. Note that DTE is inferior to

RJDE because DTE does estimation completely based on the

decided class without considering possible decision errors.

For estimation in RJDE, all information is used and the

effect of decision on estimation is also considered. So RJDE

outperforms the other methods.

For decision, DTE performs best, which is the optimal

Bayes decision under MAP criterion. RJDE is nearly the same

but slightly worse than DTE. ETD performs worst. When it

comes to JPM, RJDE beats the other two methods and has the

best overall performance.

Remark: This example verifies the superiority of RJDE in

two aspects. First, RJDE can make full use of all the informa-

tion contained in the multisensor data. Second, RJDE can take

advantage of the inter-dependence of decision and estimation,

and thus outperform the traditional two-stage strategies in

JPM.

Example 2 To further study how RJDE utilizes the coupling

between decision and estimation, we compare RJDE with

E&D. In this example, single model RJDE is used. One reason

is for simplicity and another is to eliminate the effect of

different multiple models, and thus the difference can only

result from the methods themselves. Here u1 = 1g, u2 = 1.5g.

To save space, velocity AEE is omitted. The probability of

correct classification is also omitted since the difference is

small. Two JPMs in the state space and the data space are

both presented.

It can be seen that in terms of position AEE, RJDE is

slightly better than E&D. When it comes to JPM, RJDE

outperforms E&D slightly, which is reflected in both JPM1

and JPM2. This example shows that RJDE can beat E&D in

the joint performance.

Remark: This example demonstrates our analysis that RJDE

can make full use of the coupling between decision and estima-

tion, leading to a better overall performance. Note that in both

E&D and RJDE, all information contained in the multisensor

data is used. The difference is that the coupling between

decision and estimation is utilized in RJDE but ignored in

E&D. Besides, this example also verifies the effectiveness

of our proposed JPM2. Generally, JPM1 and JPM2 apply

to the cases where the ground truth is known and unknown,

respectively.

VI. CONCLUSIONS

In this paper, we have applied the RJDE method to a

JTC problem using multisensor data. We first formulate a

representative JTC problem using radar and ESM data as a

JDE problem, then focus on tracking and classification jointly

in the JDE framework. Due to the introduction of the ESM

data, the original RJDE method needs to be modified, and

we develop it for the multisensor scenario using the multiple

model approach. As for the JDE problem, we care about the

joint performance of decision and estimation. In this paper,

we focus on evaluating the multisensor data based JTC when

the ground truth is unknown. We propose a joint performance

metric (JPM) based on the idea of mock data.

Simulation results demonstrate that the multisensor data

based RJDE can fully utilize the information contained in all
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Fig. 2. Single model RJDE compared with E&D

available data, and thus outperforms the traditional two-step

strategies in terms of JPM. Besides, RJDE can take advantage

of the inter-dependence between tracking and classification,

leading to better joint performance compared with E&D. In

this paper, only single target using radar and ESM data is

considered, and the case in which multiple targets with more

available data is also under further investigation.
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